We study the propagation of guided light along an array of three-level atoms in the vicinity of an optical nanofiber under the condition of electromagnetically induced transparency. We examine two schemes of atomic levels and field polarizations where the guided probe field is quasilinearly polarized along the major or minor principal axis, which is parallel or perpendicular, respectively, to the radial direction of the atomic position. Our numerical calculations indicate that 200 cesium atoms in a linear array with a length of 100 µm at a distance of 200 nm from the surface of a nanofiber with a radius of 250 nm can slow down the speed of guided probe light by a factor of about 3.5 × 10 6 (the corresponding group delay is about 1.17 µs). In the neighborhood of the Bragg resonance, a significant fraction of the guided probe light can be reflected back with a negative group delay. The reflectivity and the group delay of the reflected field do not depend on the propagation direction of the probe field. However, when the input guided light is quasilinearly polarized along the major principal axis, the transmittivity and the group delay of the transmitted field substantially depend on the propagation direction of the probe field. Under the Bragg resonance condition, an array of atoms prepared in an appropriate internal state can transmit guided light polarized along the major principal in one specific direction even in the limit of infinitely large atom numbers. The directionality of transmission of guided light through the array of atoms is a consequence of the existence of a longitudinal component of the guided light field as well as the ellipticity of both the field polarization and the atomic dipole vector.
I. INTRODUCTION
Optical properties of materials can be dramatically modified by quantum interference between the excitation pathways [1, 2] . Intensive attention has been devoted to the manipulation and control of the propagation of light through coherently driven optical media, especially in the connection with the possibility of enormous slowing down, storage, and retrieval of optical pulses [1] [2] [3] [4] [5] [6] [7] [8] [9] . The interest to this topic is related to the applications for optical delay lines, optical data storage, optical memories, quantum computing, and sensitive measurements. Through the technique of electromagnetically induced transparency (EIT) [1] [2] [3] [4] [5] [6] , ultralow group velocities of light have been obtained in hot [7] and cold [8] atomic gases. This technique allows one to render the material highly transparent and still retain the strong dispersion required for the generation of slow light. In addition, the transmitted pulse can experience strong nonlinear effects due to the constructive interference in the third-order susceptibility χ (3) . This leads to new techniques in nonlinear optics at the few-photon level, which may find important applications to quantum information processing.
The EIT technique has been extended to media embedded in a variety of waveguide systems, such as rectangular waveguides [10] , hollow-core photonic-crystal fibers [11] [12] [13] , coupled resonator optical waveguides [14] , quantum well waveguides [15] , waveguide-cavity systems [16] , and optical nanofibers [17] [18] [19] [20] [21] [22] . EIT-based photon switches in waveguides [13, 23] have been examined. The generation and waveguiding of solitons in an EIT medium have been studied [24] . Waveguiding of ultraslow light in an atomic Bose-Einstein condensate [25] has been investigated.
Slowing down of guided light in an optical nanofiber embedded in an EIT medium has been investigated [17] [18] [19] [20] [21] [22] . The first observation of slow guided light was reported in Ref. [20] . Very recently, coherent storage of guided light has been experimentally demonstrated [21, 22] . In Ref. [17] , the propagation of light is described in terms of the averages of the local refractive index, the local absorption coefficient, and the local group delay in the fiber cross-section plane. The studies in Refs. [18, 19] are based on a more rigorous formalism that takes into account the inhomogeneous density distribution of the atomic gas and the inhomogeneous modeprofile function of the guided field in the fiber transverse plane. The atomic medium considered in [17] [18] [19] [20] [21] is continuous. Meanwhile, recent experiments with atomwaveguide interfaces [26] [27] [28] [29] [30] [31] used linear arrays of atoms prepared in a nanofiber-based optical dipole trap [32] [33] [34] . It has recently been demonstrated experimentally that spin-orbit coupling of guided light can lead to directional spontaneous emission [30, 35] and optical diodes [31] . When the array period is near to the Bragg resonance, the discreteness and periodicity of the array may lead to significant effects, such as nearly perfect atomic mirrors, photonic band gaps, long-range interaction, and self-ordering [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . In the prior work on atoms trapped in a one-dimensional optical lattice under the EIT condition [44, 45] , scalar light fields in free space were considered. Scattering of a scalar light field from an array of three-level atoms with two degenerate lower levels in a waveguide has also been studied [49] . In view of the recent results and insights, it is necessary to develop a systematic theory for the propagation of guided light under the EIT condition in an atomic array taking into account the vector nature of the guided field and the discreteness and periodicity of the array.
In this paper, we study EIT in a one-dimensional periodic array of three-level atoms trapped along an optical nanofiber. We examine two schemes of atomic levels and field polarizations where the guided probe field is quasilinearly polarized along the major principal axis x or the minor principal axis y, which lie in the fiber cross-section plane and are parallel or perpendicular, respectively, to the radial direction of the atomic position. We take into account the vector nature of the guided field and the discreteness and periodicity of the atomic array. We study the transmittivity and reflectivity of guided light and the time evolution of the transmitted and reflected fields.
The paper is organized as follows. In Sec. II we describe two schemes of atomic levels and field polarizations for nanofiber-based EIT, and present the coupledmode propagation equations. In Sec. III we study EIT in the homogeneous-medium approximation and the phasematching approximation. In Sec. IV we investigate EIT in a discrete array of atoms with the help of the transfer matrix formalism. Our conclusions are given in Sec. V.
II. NANOFIBER-BASED EIT SCHEMES AND COUPLED-MODE PROPAGATION EQUATIONS
We consider a linear periodic array of Λ-type threelevel atoms trapped outside an optical nanofiber (see Fig.  1 ). The nanofiber has a cylindrical silica core, with radius a and refractive index n 1 , surrounded by vacuum, with refractive index n 2 = 1. We use the Cartesian coordinate system {x, y, z} and the associated cylindrical coordinate system {r, ϕ, z}, with z being the fiber axis. We assume that the array of atoms is parallel to the fiber axis z and lies in the zx plane. The positions of the atoms in the array are characterized by the Cartesian coordinates x j = x 0 , y j = 0, and z j = (j − 1)Λ. Here, the index j = 1, 2, . . . , N labels the atoms, with N being the number of atoms in the array, and the parameter Λ is the period of the array. The axes x and y, which lie in the fiber cross-section plane and are parallel and perpendicular, respectively, to the radial direction of the atomic position, are called the major and minor principal axes, respectively. Although our theory is general and applicable, in principle, to arbitrary multilevel atoms, we assume cesium atoms throughout this paper. For simplicity, we an optical nanofiber with a plane-wave control field Ec, a guided probe field Ep, and a guided reflected field E b . The atomic array is aligned parallel to the fiber axis z and lies in the zx plane of the Cartesian coordinate frame {x, y, z}.
The probe field Ep is quasilinearly polarized along the major principal axis x in scheme (a) and the minor principal axis y in scheme (b). The control field Ec propagates along the axis x and is linearly polarized along the axis y in scheme (a), and propagates along the axis y and is circularly polarized in scheme (b). Right column: The diagram of atomic energy levels and electric dipole transitions for the analysis. The quantization axis zQ is the axis y. In both schemes (a) and (b), the upper level is |e = |6P 3/2 , F ′ = 4, M ′ = ±4 . In scheme (a), the lower levels are |g = |6S 1/2 , F = 3, M = ±3 and |h = |6S 1/2 , F = 4, M = ±4 . In scheme (b), the lower levels are |g = |6S 1/2 , F = 4, M = ±4 and |h = |6S 1/2 , F = 3, M = ±3 . neglect the effect of the surface-induced potential on the atomic energy levels. This approximation is reasonable when the atoms are not close to the fiber surface. We also neglect the effect of the far-detuned trapping light fields.
We assume that the atoms have a single upper level |e of energyhω e and two lower levels |g and |h of energieshω g andhω h , respectively. The atoms are initially prepared in the lower level |g . The levels |e and |g are coupled by a weak probe field E p of frequency ω p . The levels |e and |h are coupled by a strong control field E c of frequency ω c . The transition between the lower levels |g and |h is electric-dipole forbidden. We assume that the probe field E p is guided by the nanofiber and propagates along the fiber axis z in the direction f p = ±, where + or − corresponds to the positive direction +ẑ or the negative direction −ẑ, respectively. The detuning of the probe field with respect to the atomic transition |e ↔ |g is denoted by
where ω 0 = ω eg ≡ ω e − ω g . The control field E c is an external plane-wave field propagating perpendicularly to the fiber axis z. The two-photon (Raman) transition between the lower levels |g and |h may be off resonance, and the corresponding two-photon detuning is denoted by
To be specific, we use the transitions between the Zeeman sublevels of the D 2 line of atomic cesium in our calculations. In order to specify the atomic states, we use the minor principal axis y as the quantization axis z Q . We consider two schemes that are illustrated in parts (a) and (b) of Fig. 1 . In both schemes, we use the excitedstate sublevel |6P 3/2 , F ′ = 4, M ′ = ±4 as the upper level |e . Furthermore, we use the ground-state sublevels |6S 1/2 , F = 3, M = ±3 and |6S 1/2 , F = 4, M = ±4 as the levels |g and |h , respectively, in scheme (a) of Fig. 1 , and as the levels |h and |g , respectively, in scheme (b) of Fig. 1 . The effects of other Zeeman sublevels are removed by applying an external magnetic field.
In scheme (a) of Fig. 1 , the guided probe field E p is quasilinearly polarized along the x direction. Meanwhile, the control field E c is a plane wave propagating along the axis x and linearly polarized along the axis y = z Q in accordance with the π type of the atomic transition |e ↔ |h . In scheme (b) of Fig. 1 , the guided probe field E p is quasilinearly polarized along the y direction. Meanwhile, the control field E c is a plane wave propagating along the axis y and counterclockwise or clockwise circularly polarized in accordance with the σ + or σ − type of the atomic transition |e ↔ |h . In what follows, schemes (a) and (b) of Fig. 1 are called the x-and ypolarization schemes, respectively. In both schemes, we neglect the reflection of the control field E c from the fiber surface. Since the control field propagation direction and the atomic array axis are perpendicular and parallel, respectively, to the fiber axis z, the effect of the reflection of the control field E c can be easily accounted for by modifying the magnitude of E c at the position of the atomic array.
We introduce the notation M α for the magnetic quantum number of the atomic level α, where α = e, g, h.
In the analytical calculations, we use M g = ±3 and M h = ±4 for the x-polarization scheme, M g = ±4 and M h = ±3 for the y-polarization scheme, and M e = ±4 for both schemes.
We note that, in both schemes (a) and (b) of Fig. 1 , the probe transition |e ↔ |g is not coupled to the guided modes with the polarizationξ p that is orthogonal to the polarization ξ p of the incident guided probe field. Here, we have introduced the notationξ = y for ξ = x and ξ = x for ξ = y. For the control field E c , we can use a guided field instead of an external plane-wave field. Indeed, the control transition |e ↔ |h can be coupled by an additional guided field that is quasilinearly polarized along the y direction in scheme (a) of Fig. 1 or along the x direction in scheme (b) of the figure.
Due to the interaction between the atoms and the guided probe field E p , a guided reflected field E b with the frequency ω p , the propagation direction f b = −f p , and the polarization ξ p may be generated. In order to describe the reflection, we need to include both propagation directions f = + and f = − into the analysis. We introduce the notation E f for the positive frequency component of the electric part of the field in the guided mode with the frequency ω p , the polarization ξ p , and the propagation direction f = ±. The electric field vector E f = E f (r, ϕ, z, t) is related to the photon flux amplitude A f = A f (z, t) via the formula
Here, v g = (dβ/dω) −1 | ω=ωp is the group velocity of the guided field, where β is the longitudinal propagation constant. The notation e (ωf ξ) stands for the normalized profile function for the guided mode with the frequency ω, the propagation direction f , and the polarization ξ [48, [50] [51] [52] . According to [18] , the amplitudes A f = A ± of the photon fluxes of the guided fields E f = E ± are governed, in the framework of the slowly varying envelope approximation, by the propagation equations
Here, β p = β(ω p ) is the longitudinal propagation constant for the forward and backward guided fields,
is the one-dimensional atom-number density, G + and G − are the coupling coefficients for the guided fields E + and E − , respectively, and ρ αα ′ ≡ α|ρ|α ′ with α, α ′ = e, g, h are the elements of the density matrix ρ the atom in the interaction picture. The coupling coefficient G f = G ± is defined as
Here, d eg is the dipole matrix element for the atomic transition |e ↔ |g . We emphasize that the photon flux amplitudes A ± (z, t) are independent of x and y.
In the case of the x-polarization scheme, the coupling coefficient G f is given as
Here, e r and e z are respectively the radial and axial components of the mode profile function e ≡ e (ωp,+,+)
of the forward counterclockwise quasicircularly polarized guided modes [48, [50] [51] [52] .
In the case of the y-polarization scheme, the coupling coefficient G f is given as
Here, e ϕ is the azimuthal component of the mode profile function e ≡ e (ωp,+,+) of the forward counterclockwise quasicircularly polarized guided modes [48, [50] [51] [52] .
, where γ
is the rate of spontaneous emission of the atomic transition |e ↔ |g into the guided mode with the propagation direction f and the polarization ξ p . Since the probe transition |e ↔ |g is not coupled to the guided modes with the polarizationξ p in the cases of schemes (a) and (b) of Fig. 1 , we have the relation γ
eg is the rate of spontaneous emission of the atomic transition |e ↔ |g into the guided modes with the propagation direction f . Hence, we obtain
eg . The Rabi frequency caused by the guided field E f is given by
The Rabi frequency caused by the control field E c is Ω c = d eh · E c /h, where d eh is the dipole matrix element for the atomic transition |e ↔ |h . We assume that |Ω ± | ≪ |Ω c |. In the adiabatic approximation, the expression for ρ eg to first order in Ω ± is found to be
where [1] [2] [3] [4] [5] [6] 
Here, Γ 31 is the decay rate of the atomic probe transition coherence ρ eg , and Γ 21 is the decay rate of the lower-level coherence ρ gh . We insert Eq. (10) into Eqs. (4) and make use of expression (9) . Then, we obtain
for f, f ′ = +, −. In general, the one-dimensional atomnumber density n A and consequently the coupling coefficientsK f f ′ are generalized functions of z [see Eq. (5)].
III. CONTINUOUS-MEDIUM APPROXIMATIONS
In this section, we approximate the generalizedfunction representation (5) of the one-dimensional atomnumber density n A by two different continuous-function representations and present the corresponding analytical and numerical results. In Sec. III A, we replace n A by a constant and solve the corresponding coupled-mode propagation equations. In Sec. III B, we expand n A into a Fourier series and neglect the terms that do not correspond to the phase-matching condition in the coupledmode propagation equations.
A. Homogeneous-medium approximation
We consider the case where the lattice constant Λ is not close to any integer multiple of the in-fiber halfwavelength λ F /2 = π/β p of the probe field, that is, the atomic array is far off the Bragg resonance. In this case, the effect of the interference between the beams reflected from different atoms in the array is not significant and, therefore, we can neglect the discreteness and periodicity of the atomic array. This approximation means that we can use the one-dimensional atom-number distribution
which is continuous and constant in the axial coordinate z. With the use of this approximation, expression (13) for the coefficientsK f f ′ reduces tõ
where the coefficients
are independent of z. Note that
In the case of the x-polarization scheme, we have K ++ = K −− and K +− = K −+ . In the case of the y-polarization scheme, we have
It is convenient to introduce the notations K + = K ++ and
We can easily solve Eqs. (12) with the constant coefficients given by Eq. (15) . We assume that z = 0 and z = L = (N − 1)Λ are the left-and right-edge positions of the atomic medium, respectively. In the case where the incident probe field is A + (0), the boundary condition is A − (L) = 0. In this case, the reflection and transmission coefficients are R
, respectively. In the case where the incident probe field is A − (L), the boundary condition is A + (0) = 0. In this case, the reflection and transmission coefficients are R A are found to be
where
We note that, in the case of the y-polarization scheme, we have K + = K − , which leads to T
With this approximation, Eqs. (17) reduce to
Since |K −+ | ≪ β p , the reflectivity of the array is |R A | 2 ≃ 0. The transmission of the probe field is
is the absorption coefficient for the probe field in the case where the reflection is negligible. The corresponding phase shift coefficient for the probe field is
The optical depth per atom
.
We now describe time dependence of the guided probe field A f , where f = f p . In the case where the period of the atomic array is far from the Bragg resonance, the reflection is, as shown analytically above and illustrated numerically in Figs. 3(b) and 5(b) below, negligible. Then, in the frequency domain, the Fourier-transformed amplitudeÃ f (z, ω) = (2π)
A f (z, t)e i(ω−ωp)t dt of the probe field is governed by the propagation equation
Here, we have introduced the notation (16) with the substitution ω p = ω. We neglect the dispersion of the fiber-mode group velocity, that is, we take
, where ω p is the central frequency of the input guided probe field. We expand K f (ω) up to the second order of ω − ω p as
We substitute Eq. (25) into Eq. (24) and perform the inverse Fourier transformation. Then, we obtain
In general, K f , K ′ f , and K ′′ f are complex parameters. The imaginary and real parts of the parameter K f , namely, the coefficients κ f = Im(K f ) and θ f = Re(K f ), are, as already discussed above, the absorption and phase shift coefficients, respectively, for the guided probe light field. We emphasize that the coefficients K f , K We analyze the case of exact one-and two-photon resonances, that is, the case where ∆ = δ = 0. It is clear from the expression for K f in Eqs. (26) that, when |Ω c | 2 ≫ Γ 21 Γ 31 , the absorption coefficient κ f = Im(K f ) and the phase shift coefficient θ f = Re(K f ) are small. These features are the signatures of EIT [1] [2] [3] [4] [5] [6] . We note that the width of the corresponding transparency window is given by ∆ω trans = 1/ L Im(K ′′ f ). When the dephasing rate Γ 21 is negligible, the expression for
When the input probe pulse is long enough, the group velocity V (f ) g of the probe field is determined by the equa-
where the atom-number density n A in the framework of the homogeneous-medium approximation is given by Eq. (14) . We calculate numerically the optical depth per atom D f , the phase shift per atom Θ f , the group-velocity reduction factor c/V
A | 2 , and the reflectivity |R A | 2 as functions of the detuning ∆ of the guided probe field. In the numerical calculations presented in this paper, we use, as already stated, the outermost Zeeman sublevels of the hyperfine levels 6P 3/2 F ′ = 4, 6S 1/2 F = 3, and 6S 1/2 F = 4 of the D 2 line of atomic cesium, with the free-space wavelength λ 0 = 852.35 nm. In the calculations for the x-polarization scheme, we use the levels |e = |6P 3/2 , F ′ = 4, M ′ = 4 , |g = |6S 1/2 , F = 3, M = 3 , and |h = |6S 1/2 , F = 4, M = 4 . In the calculations for the y-polarization scheme, we use the levels |e
The rate Γ 31 of decay of the atomic opticaltransition coherence is calculated by using the results of Ref. [50] . The obtained value is Γ 31 ≃ 2π × 2.67 MHz. The corresponding value of the linewidth of the upper level |e is 2Γ 31 ≃ 2π × 5.34 MHz. This value is slightly larger than the literature value γ 0 ≃ 2π ×5.2 MHz for the atomic natural linewidth [53, 54] . The obtained increase of the atomic linewidth is caused by the presence of the nanofiber. The lower-level decoherence rate is assumed to be Γ 21 = 2π × 50 kHz. This value is comparable to the experimental value of about 2π×32 kHz, measured in the Vienna experiment [29] . The control field is at exact
EIT of an x-polarized guided probe field propagating along an array of cesium atoms with a σ-type probe transition. The optical depth per atom D f (upper row), the phase shift per atom Θ f (middle row), and the groupvelocity reduction factor c/V resonance with the atomic transition |e ↔ |h . The fiber radius is a = 250 nm and the distance from the atoms to the fiber surface is r − a = 200 nm [32] .
We plot in Figs The chosen value of Λ is one-half of the in-fiber wavelength of the red-detuned standing-wave guided light field used in the Vienna atom trap experiment [32] . Such a value of the array period is far from the Bragg resonance (the Bragg resonant array period is Λ res = nλ F /2, where n = 1, 2, . . . and λ F ≡ 2π/β p ≃ 745.16 nm for the probe field with the free-space atomic resonance wavelength λ p = λ 0 = 852.35 nm).
Figures 2 and 4 show the familiar features of EIT: in the vicinity of the exact resonance, the optical depth D f achieves a low minimum, the magnitude of the phase shift Θ f is small but the slope of the phase shift is steep, and consequently the reduction of the group velocity V (f ) g is large [1] [2] [3] [4] [5] [6] [7] [8] [9] . These features occur in a region of frequency A | 2 has a narrow peak at ∆ = 0. We observe from Figs. 3(b) and 5(b) that the reflectivity |R A | 2 is very small and is slightly asymmetric with respect to ∆. The asymmetry results from the fact that the relative phase β p L is not an integer multiple of π for the parameters used. Due to this fact, the magnitude of the reflectivity |R A | 2 depends on the sign of the detuning ∆. Comparison between the left and right columns of Fig. 2 and between the solid red and dashed blue curves of Fig. 3(a) shows that, in the case of the x-polarization scheme, the optical depth D f , the phase shift Θ f , the group velocity V (f ) g , and the transmittivity |T (f ) A | 2 substantially depend on the propagation direction f . The directionality of transmission of guided light through the array of atoms is a consequence of the existence of a longitudinal component of the guided light field as well as the ellipticity of both the field polarization and the atomic dipole vector [48, 51] . We note that directional spontaneous emission into an optical nanofiber has been recently demonstrated experimentally for trapped atoms [30] and for nanoparticles [35] . An optical diode based on the chirality of guided photons has also been reported [31] .
B. Phase-matching approximation
We now take into account the periodicity of the atomic array but still consider the array as a continuous one-dimensional medium. For this purpose, we rewrite expression (5) for the one-dimensional atomnumber distribution n A in the Fourier series form
EIT of a y-polarized guided probe field propagating along an array of cesium atoms with a π-type probe transition. The optical depth per atom D (a), the phase shift per atom Θ (b), and the group-velocity reduction factor c/Vg (c) are plotted as functions of the detuning ∆. The working levels are
, and |h = |6S 1/2 , F = 3, M = 3 . The lower-level decoherence rate is Γ21 = 2π × 50 kHz. The control field is at exact resonance with the atomic transition |e ↔ |h and is a plane wave propagating along the y direction with the counterclockwise circular polarization. The intensity of the control field is Ic = 1 mW/cm 2 (the corresponding Rabi frequency is Ωc = 0.43γ0). Other parameters are as for Fig. 2 . The results do not depend on the propagation direction of the guided probe field.
(
Eq. (13) for the coupling coefficientsK f f ′ becomes
Here, the parameter β lat = π/Λ is the wave number that characterizes the periodicity of the atom distribution in the array. The coupling coefficients K f f ′ are independent of z and are given by Eq. (16). We assume that there exists a positive integer number n = 1, 2, . . . such that the propagation constant β p for the guided probe field is close to nβ lat . This specific integer number n indicates the dominant role of the corresponding harmonic in Eq. (30) . We note that the equality β p = nβ lat means β p Λ = nπ, which is the geometric condition for the nth-order Bragg resonance.
We introduce the transformation A + = a + e inβ lat z and A − = a − e −inβ lat z . When we insert Eq. (30) into Eqs. (12) and keep only the phase-matching terms, we obtain
Probe field detuning ∆/2π (MHz) Transmittivity and reflectivity Here, the factor δβ p = β p − nβ lat characterizes the phase mismatch between the guided probe field and the nth harmonic of the atomic distribution. In Eqs. (31), the terms iK ++ a + and −iK −− a − describe the self coupling of the modes and originate from the zeroth-order harmonic in the Fourier expansion of n A , while the terms iK +− a − and −iK −+ a + describe the coupling between the forward and backward fields and originate from the nth-order harmonic in the Fourier expansion of n A . Similar to the results of the previous subsection, the reflection and transmission coefficients in the phase-matching approximation are found to be
The condition for the validity of the above results is |δβ p | ≪ β p . When the phase-mismatch factor δβ p is sufficiently large that |K f f ′ | ≪ |δβ p |, Eqs. (32) reduce to
Under the condition |K −+ | ≪ |δβ p |, the reflectivity of the array is |R A | 2 ≃ 0, while the transmittivity is
, with the absorption coefficient κ f being given by Eq. (20) . We plot in Figs. 6 and 7 the tuning dependences of the transmittivity |T , respectively. The discrepancy is due to the fact that the periodicity of the atomic array is neglected in the homogeneous-medium approximation but is taken into account in the phase-matching approximation.
IV. TRANSFER MATRIX FORMALISM FOR A DISCRETE ARRAY
We now take into account not only the periodicity of the atomic position distribution n A = j δ(z − z j ) but also the discrete nature of this distribution. For this purpose, we use the transfer matrix formalism.
A. Transfer matrix and input-output relation
We first consider atom j with the axial coordinate z j . We introduce the notations z 
is the transfer matrix for the whole atomic array, with
being the transfer matrix for a single spatial period of the array. The matrix M in Eqs. (36) and (37) is the transfer matrix for a single atom. The matrix elements of this matrix are given as
Note that we have S +− = −S −+ and S ++ S −− = S +− S −+ . The matrix F in Eq. (37) is the atom-free guided-field propagator. The elements of this matrix are given as
It is easy to diagonalize the single-period transfer matrix T. Using the result of this diagonalization, we find the following expressions for the elements of the transfer matrix W for the array:
Here, we have introduced the notations
and
Note that ζ is, in general, a complex parameter and satisfies the relations cos ζ = D and sin ζ = ∓ √ 1 − D 2 . In the case of the x-polarization scheme, the elements of the transfer matrix M for a single atom are found to be
We find Z = 1 in the case of the x-polarization scheme.
In the case of the y-polarization scheme, the elements of the transfer matrix M for a single atom are found to be
We find Z = 1 in the case of the y-polarization scheme.
B. Reflection and transmission of probe light
For the guided probe field propagating in the direction f = +, the reflection and transmission coefficients of a single atom are given by R (+) = −M −+ /M −− and T (+) = Z/M −− , respectively. The explicit expressions for these coefficients are
The corresponding reflection and transmission coefficients of the atomic array are given by R 
The corresponding reflection and transmission coefficients of the atomic array are given by R N ≡ R N . However, the corresponding transmission coefficients T (f ) and T (f ) N may depend on the propagation direction f . We find
We can show that R N and T (f ) N satisfy the recurrence formulas
which are in agreement with ray optics. It is clear that the reflection and transmission coefficients R N and T 
In the case of the x-polarization scheme, we have |G + | = |G − | and, hence, Z = 1. In this case, the single-atom and linear-array transmission coefficients T (f ) and T (f ) N depend on the field propagation direction f . In the case of the y-polarization scheme, we have G + = G − and, hence, Z = 1. In this case, the single-atom transmission coefficient T (f ) , the linear-array transmission coefficient T (f ) N , and the group delay τ (f ) T are independent of the propagation direction f , that is, we have
The dependence of the single-atom transmission coefficient T (f ) on the propagation direction f = ± in the case of x-polarized guided light is a consequence of the difference between the coupling coefficients G + and G − for the different propagation directions + and −, respectively. The independence of the single-atom reflection coefficient R from the field propagation direction f is a consequence of the fact that R is proportional to the product of both coupling coefficients G + and G − . The dependence of the linear-array transmission coefficient T (f ) N on the propagation direction f in the case of xpolarized guided light is a consequence of the difference between T (+) and T (−) for each atom in the array. The independence of the linear-array reflection coefficient R N from the field propagation direction f is a consequence of the fact that all the atoms in the array considered here have the same reflection coefficient R. We note that the above properties of reflection and transmission of guided light in the atomic array are different from that of light in a conventional Fabry-Pérot cavity formed by two mirrors, with the reflection coefficients R We calculate numerically the transmittivity |T of the detuning ∆ of the guided probe field. We plot in Figs. 8 and 9 the results for the x-polarization scheme, and in Figs. 10 and 11 the results for the y-polarization scheme. In the calculations for these figures, we used the value Λ = 498.13 nm, which corresponds to the array period in the situation of the atom trap experiment [32] . This value of the array period is, as already noted in the previous section, far from the Bragg resonance. We observe that Figs. 8(a) and 10(a) are almost identical to Figs. 3(a) and 5(a) , respectively. This means that the homogeneous-medium approximation is a very good approximation for the calculations of the transmittivity in the case where the array period is far from the Bragg resonance. Figures 8(b) and 10(b) show that the discrete-array reflectivity |R N | 2 , like the homogeneousmedium reflectivity |R A | 2 in Figs. 3(b) and 5(b), is very small and is slightly asymmetric with respect to ∆. However, the maximum magnitude of discrete-array reflectivity |R N | 2 is about twenty times larger than that of the homogeneous-medium reflectivity |R A | 2 . Thus, the homogeneous-medium approximation is not reliable in evaluating the reflectivity. The discrepancy is due to the fact that the reflected field results from the interference between the fields reflected from different atoms in the array. The periodicity of the array greatly affects the interference but is neglected in the homogeneous-medium approximation T of the transmitted field has a positive peak at ∆ = 0. This result means that the transmitted field is slow light in the vicinity of the atomic resonance. Close inspection shows that the results for the group delay τ depend on the propagation direction f in the case of the x-polarization scheme. This dependence is a consequence of the directional dependence of the coupling between the x-polarized guided probe field and the atomic transition |e ↔ |g , which is of the σ type with respect to the y axis in the case considered [see Eq. (7)]. We observe from Figs. 9 and 11 that the dip of the reflected-field group delay τ R has a narrower width and a larger magnitude than the peak of the transmitted-field group delay τ (f )
T . The difference is due to the fact that the transmitted field is determined by the interference between the incident field and the single-atom scattered fields while the reflected field is determined by the interference between the fields reflected from different atoms.
C. Time evolution of guided probe field pulses
We now consider the time evolution of guided field pulses propagating along the atomic array. We assume that the guided input pulse is incident onto the atomic array in the f direction.
The amplitudes A in (t) andÃ in (ω) of the incident field in the time and frequency domains, respectively, are related to each other by the Fourier transformationÃ in (ω) = (2π)
The time-dependent transmitted field is
where 2 /4 . We observe that, when the probe pulse is incident onto the array in the direction f = + in the case of the xpolarization scheme [see Fig. 12(a) ] and when the probe pulse is incident onto the array in an arbitrary direction f = ± in the case of the y-polarization scheme [see Fig. 13(a) ], the transmitted pulse is weakened and slowed down significantly by the atomic array. 2 of the transmitted and reflected pulses in the case of the y-polarization scheme. The input pulse is of the Gaussian form, with the central frequency ωp = ω0, the pulse length τ0 = 2 µs, and the peak time t = 0. The number of atoms is N = 200. The array period is Λ = 498.13 nm. Other parameters are as for Fig. 4 . The dotted red line is for the input pulse peak time t = 0 and is a guide to the eye. case of Fig. 12(a) and 0.53 µs in the case of Fig. 13(a) . These group delays correspond to the group-velocity reduction factors c/V g ≃ 3.5 × 10 6 and ≃ 1.6 × 10 6 in the cases of Figs. 12(a) and 13(a), respectively. Figure 12(b) shows that, when the probe pulse is x polarized and incident onto the array in the direction f = −, the intensity reduction and the group delay of the transmitted pulse are not significant. According to Figs. 12(c) and 13(b), the reflected pulse has a negative group delay (fast light) [5, 6, 55, 56] . However, the intensity of this fast light is negligible.
D. Bragg resonance
We examine the transmission and reflection of the guided probe field under the EIT condition in the specific case where the geometric Bragg resonance condition is satisfied, that is, β p Λ = nπ, with n = 1, 2, . . . being the order of the Bragg resonance. This condition involves the frequency ω p of the guided light field. Therefore, when we vary ω p in an interval ∆ω p around a Bragg resonance frequency, the Bragg resonance condition β p Λ = nπ will be broken. However, if the frequency variation interval ∆ω p is small as compared to the optical frequency ω p , the effect of the deviation from the Bragg resonance can be neglected.
Dependence on the probe field detuning
We plot in Figs. 14-17 the transmittivity |T T , and the reflected-field group delay τ R as functions of the detuning ∆ of the guided probe field in the case where the array period is Λ = 745.16 nm. This value of the array period satisfies the second-order Bragg resonance condition Λ = Λ res = nλ F /2, where n = 2 and λ F ≡ 2π/β p ≃ 745.16 nm for the probe field with the atomic resonance wavelength λ p = λ 0 = 852.35 nm. We avoid the first-order Bragg resonance with the aim of minimizing the effects of the direct dipole-dipole interaction between the atoms. It is worth mentioning here that, in the framework of our treatment, the magnitudes of the reflectivity |R N | 2 and transmittivity |T N | 2 of the atomic array for the guided fields do not depend on the order of the Bragg resonance. transmittivity |T N | 2 , the transmitted-field group delay τ T , and the reflected-field group delay τ R are noticeable but not dramatic. Comparison between Figs. 16(b) and 10(b) shows that, due to the Bragg resonance condition, the reflectivity |R N | 2 is dramatically increased.
Dependence on the atom number
We plot in Figs. 18 and 19 the dependences of the transmittivity |T T , and the reflected-field group delay τ R on the atom number N for the array period Λ = 745.16 nm, which satisfies the second-order Bragg resonance condition. We assume the atomic resonance ∆ = 0 in these calculations. Figure 18 shows the numerical results for the xpolarization scheme. We observe from the left column of Fig. 18 that, when N increases, the positive-direction transmittivity |T T , and τR on the atom number N in the case of the xpolarization scheme. The period of the array is Λ = 745.16 nm, which satisfies the second-order Bragg resonance condition. The detuning of the probe field is ∆ = 0. Other parameters are as for Fig. 2 .
Transmittivity and reflectivity
Group delay (µs) We observe from Fig. 18(f) that the reflected-field group delay τ R is negative and its absolute value |τ R | decreases with increasing N in the range N ≤ 4000 of the figure. Additional calculations for N > 4000 show that τ R becomes positive at N ≃ 8440 and then tends to increase very slowly. Figure 19 shows the numerical results for the ypolarization scheme. We observe from the figure that, when N increases, the reflectivity |R N | 2 increases and approaches unity [see Eq. (60a) in the next part], the transmitted-field group delay τ T approaches a limiting value of about 3 µs, and the reflected-field group delay τ R is negative and approaches zero.
Limiting values
We derive analytical expressions for the transmittivity and reflectivity of the atomic array in the limit of large N .
We first analyze the case of the x-polarization scheme under the Bragg resonance condition. In this case, in the limit N → ∞, we obtain the reflection coefficient
and the transmission coefficients
It is clear that the limiting value R ∞ is determined by the guided-mode profile functions e r and e z only. Since |e r | > |e z | > 0, we have |R ∞ | 2 < 1, that is, the limiting value |R ∞ | 2 of the reflectivity for the x-polarized guided fields is strictly smaller than unity. It is interesting to note that Eq. (56) coincides with the result of Ref. [51] for the case where the initial state of the atoms is an incoherent mixture of the Zeeman sublevels of the ground state.
It is surprising that, unlike the transmittivity |T 
| → |T
(−f0) ∞ | = 0 in the limit N → ∞ is not related to the EIT effect. Indeed, this property occurs even in the case where there is no control field (Ω c = 0). This property is a consequence of the Bragg resonance condition and the difference between the coupling coefficients |G + | and |G − | for the guided modes with the opposite propagation directions f = + and f = −, respectively. The difference between |G + | and |G − | is related to the existence of the longitudinal component e z of the x-polarized guided field [51] .
In order to get insight into the above result, we consider the change from the case of N atoms to the case of N + 1 atoms by adding an atom to the array of N atoms under the Bragg resonance condition β p Λ = nπ. We use the recurrence relations (52) to describe the change. In the limit N → ∞, we have R N → R ∞ and T 
that is, if R ∞ = (1 − T (−f0) )/R, in agreement with Eq. (56) . The inverse of the denominator 1 − R ∞ R in the expression on the left-hand side of condition (58) characterizes the enhancement due to multiple reflections between the initial array and the added atom. Condition (58) requires that the enhancement of transmission caused by multiple reflections compensates the reduction caused by a single pass through the added atom. Thus, in the limit of large N , the reflection coefficient R N of the array approaches an appropriate value R ∞ , which satisfies condition (58), and hence the transmittivity |T We now analyze the case of the y-polarization scheme under the Bragg resonance condition. In this case, we find
In the limit N → ∞, we have
that is, |R N | 2 → 1 and |T N | 2 → 0. This result means that the atomic array under the Bragg resonance condition can act as a perfect mirror for the y-polarized guided light fields in the limit N → ∞. The loss due to the scattering into the radiation modes is suppressed due to the collective enhancement of scattering into the backward guided modes. In the limit N R ≪ 1,
The last terms in these expressions contain N 2 . They are signatures of the collective effects.
Dependence on the array period
We consider the effect of the array period Λ on the Bragg resonance. For this purpose, we plot in Figs. 20 and 21 the dependences of the transmittivity |T T , and the reflected-field group delay τ R on the array period Λ.
The figures show that both the transmittivity and the reflectivity have a local maximum at the array period Λ = 745.16 nm, which satisfies the Bragg resonance condition for the field frequency ω p = ω 0 . The coexistence of the local maxima of the transmittivity and reflectivity at the Bragg resonance is an interesting feature. This result indicates that the scattering from the atoms into the radiation modes is suppressed due to the Bragg resonance, in agreement with the results of Ref. [48] . It is clear that, in the vicinity of the Bragg resonance, the reflectivity for the y-polarized guided field [see Fig. 21(c) ] is larger than
Transmittivity and reflectivity
Group delay (µs) 
Transmittivity and reflectivity
Group delay (µs) . In other words, the dips correspond to the interference fringes that surround the Bragg resonance. The separation ∆Λ between the positions of the dips is determined by the half-period of the function sin N ζ, which appears in Eqs. (51) . Using the approximation ζ ≃ β p Λ, we obtain the estimate ∆Λ ≃ π/N β p .
Dependence on the control field intensity
In order to show the effect of the control field on the transmission and reflection of the probe field, we plot in Figs. 22 and 23 the transmittivity |T T , and the reflected-field group delay τ R as functions of the intensity I c of the control field E c .
Transmittivity and reflectivity The left columns of these figures show that, when I c increases, the transmittivity |T 2 of the transmitted and reflected pulses in the case of the x-polarization scheme. The input pulse is of the Gaussian form, with the central frequency ωp = ω0, the pulse length τ0 = 2 µs, and the peak time t = 0. The number of atoms is N = 200. The array period is Λ = 745.16 nm, which satisfies the second-order Bragg resonance condition. Other parameters used are as for Fig. 2 . The dotted red line is for the input-pulse peak time t = 0 and is a guide to the eye.
We observe that, when the probe pulse is x polarized and incident onto the array in the direction f = + [see 2 of the transmitted and reflected pulses in the case of the y-polarization scheme. The input pulse is of the Gaussian form, with the central frequency ωp = ω0, the pulse length τ0 = 2 µs, and the peak time t = 0. The number of atoms is N = 200. The array period is Λ = 745.16 nm, which satisfies the second-order Bragg resonance condition. Other parameters used are as for Fig. 2 . The dotted red line is for the input-pulse peak time t = 0 and is a guide to the eye. Fig. 24(a) ] and when the probe pulse is y polarized an incident in an arbitrary propagation direction f = ± [see Fig. 25(a) ], the transmitted pulse is significantly weakened and delayed by the atomic array. For N = 200 atoms in the array with the length L = (N − 1)Λ ≃ 148 µm, we obtain the group delays of about 1.11 µs in the case of Fig. 24(a) and 0.37 µs in the case of Fig. 25(a) . These group delays correspond to the group-velocity reduction factors c/V g ≃ 2.2 × 10 6 and ≃ 0.75 × 10 6 in the cases of Figs. 24(a) and 25(a), respectively. Figure  24(b) shows that, when the probe pulse is x polarized and incident onto the array in the direction f = −, the intensity reduction and the group delay of the transmitted pulse are not significant. According to Figs. 24(c) and 25(b) , the reflected pulse has a negative group delay (fast light) and its intensity is substantial due to the Bragg resonance condition.
Comparison between Figs 
E. Photonic band gaps
It is known that, in the neighborhood of a Bragg resonance, where Λ = Λ res = nλ F /2 with n = 1, 2, . . . , band gaps may be formed when the number of atoms N in the array is large enough [36, 42, 48] . In order to show the band gaps, we plot in Figs. 26 and 27 the transmittivity |T N | 2 , and |R N | 2 for the x-polarization scheme in the vicinity of a Bragg resonance ∆Λ = 0. We observe from this figure that, in addition to a narrow plateau around the atomic resonance ∆ = 0, there are two wide plateaus, one on the left side and the other one on the right side. The left-and right-side plateaus are the photonic band gaps that extend over the frequency range from ω c −∆ max to ω c − ∆ min and from ω c + ∆ min to ω c + ∆ max [36, 48] . Here, we have introduced the notations ω c = (ω 0 +ω lat )/2 and N | 2 and the reflectivity |R N | 2 in the vicinity of the atomic resonance ∆ = 0. These tiny structures are the consequences of the interplay between the scattering into the guided and radiation modes, the EIT effect, and the Bragg resonance. Figure 27 shows the frequency dependences of |T N | 2 and |R N | 2 for the y-polarization scheme in the vicinity of a Bragg resonance ∆Λ = 0. We observe that there is a wide plateau around the atomic resonance ∆ = 0. This plateau corresponds to the set of two photonic band gaps that extend over the frequency range from ω c − ∆ max to ω c +∆ max , with frequencies between the atomic frequency ω 0 and the frequency ω lat excluded [36, 48] . Here, we have introduced the notation
In deriving Eqs. (62) for the edges of the band gaps, we have neglected the atomic decay rate Γ 31 and the control field Rabi frequency Ω c . In the case of |δ lat | ≪ u 0 |e ϕ | 2 v g /Λ, we find that the band gaps will be formed when N ≫ N gap , where N gap = 2v g /3u 0 Λ/|e ϕ |. We obtain from Eq. (62) The band gaps illustrated in Figs. 26 and 27 may appear even when Ω c = 0, that is, when there is no control field [36, 42, 48] . These band gaps are not related to the EIT effect. We call them the non-EIT band gaps. When the condition
is satisfied, one of the two non-EIT band gaps is far away from the atomic resonance frequency ω 0 while the other one is close to ω 0 . We plot in Figs. 28 and 29 the transmittivity |T 2 is significant [44, 45] . One of these peak regions is broad and is a non-EIT band gap. The other peak region is narrow and is also a band gap. The occurrence of this additional band gap is due to the EIT effect caused by the action of the control field E c [44, 45] .
V. SUMMARY
We have studied the propagation of guided light along an array of three-level atoms trapped in the vicinity of an optical nanofiber under the EIT condition. We have examined two schemes of atomic levels and field polarizations where the guided probe field is quasilinearly polarized along the major principal axis x or the minor principal axis y. We have derived the coupled-mode propagation equations, the input-output relation, the scattering matrix, and the transfer matrix for the transmitted and reflected fields. We have taken into account the complexity of the polarization of the guided field and the discreteness and periodicity of the atomic positions in the array. We have calculated the reflection and transmission coefficients. We have found that, when the array period is far from the Bragg resonance, the reflection is negligible and the homogeneous-medium approximation can be used. We have numerically demonstrated that 200 cesium atoms in a linear array with a length of 100 µm at a distance of 200 nm from the surface of a nanofiber with a radius of 250 nm can slow down the speed of guided probe light by a factor of about 3.5 × 10 6 (the group delay is about 1.17 µs). In the neighborhood of the Bragg resonance, a significant fraction of the guided probe light can be reflected back with a negative group delay (that is, with a positive group advance). The reflectivity and the group delay of the reflected field do not depend on the propagation direction of the probe field. However, when the input guided light is quasilinearly polarized along the major principal axis x, the transmittivity and the group delay of the transmitted field substantially depend on the propagation direction of the probe field. When the input guided light is quasilinearly polarized along the major principal axis x and propagates in the direction f = −sign(M e − M g ), under the Bragg resonance condition for an array of atoms in an appropriate internal state, the transmission of the guided light is not zero even in the limit of large atom number N . This result indicates that the atomic array can operate as an optical diode even in the limit of infinitely large atom numbers [31] . The directionality of transmission of guided light through the atomic array is a consequence of the existence of a longitudinal component of the guided light field as well as the ellipticity of both the field polarization and the atomic dipole vector.
